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Abstract
We show that the ω-categorical existentially closed universal bowtie-free graph
of Cherlin-Shelah-Shi [4] admits generic automorphisms in the sense of Truss [21].
Moreover, we show that this graph is not finitely homogenisable.
1 Introduction
The main research problem from which this paper stems is the problem of existence of a
countably infinite universal graph which forbids finitely many finite graphs as subgraphs,
rather than just as induced subgraphs. The first examples of such universal graphs are
the random graph and the universal homogeneous Kn-free graph. We focus on the case of
a bowtie-free universal graph, where a bowtie (./) is the graph consisting of two triangles
glued at one common vertex. A bowtie-free universal graph was first proved to exist
in 1999 by Komja´th [15], a result which was not attainable via the Fra¨ısse´ amalgamation
technique at the time. Such an obstacle provided the motivation behind the combinatorial
theory developed by Cherlin, Shelah, and Shi [4] which established the existence of an
ω-categorical existentially closed universal bowtie-free graph U./ and other universal graphs
via the algebraic closure operator. Their theory and the uniqueness of U./ is discussed in
Section 2. Hubicˇka and Nesˇetrˇil [12] also have recent results on bowtie-free graphs; they
wrote that the class of finite bowtie-free graphs “plays a key role in the context of both
Ramsey theory and model theory in the area related to universality and homogeneity. It
is the interplay of these two fields which makes this example interesting and important”.
Let L be a countable first order language, and M be a countably infinite L-structure. We
say that M is homogeneous if every isomorphism between finitely generated substructures
ofM extends to an automorphism ofM . Moreover, M is said to have generic automorphisms
if Aut(M) contains a comeagre conjugacy class—see Truss [21]. Here Aut(M) is endowed
with the pointwise convergence topology which makes it a Polish group.
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Suppose that A is an L-structure. A partial automorphism of A is an L-isomorphism
p : U → V where U, V are substructures of A. We denote by Part(A) the set of all
partial automorphisms of A. Suppose that C is an amalgamation (or Fra¨ısse´) class of
finite L-structures. An n-system over C is a tuple 〈A, p1, . . . , pn〉 where A ∈ C and each
pi ∈ Part(A). We now state the Kechris-Rosendal characterisation [14, Theorem 3.4]
which we use to establish generic automorphisms for the universal bowtie-free graph. Let
M be the Fra¨ısse´ limit of C. Then M has generic automorphisms if and only if the class of
1-systems over C has the joint embedding property and the weak amalgamation property
[14, Definition 3.3].
We motivate the significance of generic automorphisms by mentioning some of their
group-theoretic consequences. Suppose thatG is a Polish group with a comeagre conjugacy
class C. Then, G = C2 = {gh : g, h ∈ C}, and every element of G is a commutator, so
G = G′. Moreover, if G were uncountable, then G has no proper normal subgroup of
countable index. See Macpherson [18, Proposition 4.2.12]. Additionally, we have the
following.
Theorem (Macpherson-Thomas [17]). Suppose that G is a Polish group with a comeagre
conjugacy class. Then G is not a non-trivial free product with amalgamation.
Assume further that L is a finite relational language, and M is a countably infinite
L-structure. We say that M is finitely homogenisable if there is a finite relational language
L˜ ⊇ L and an L˜-structure M˜ such that M˜ is an expansion of M , and M˜ is homogeneous,
and Aut(M) = Aut(M˜).
In Section 3 we extend an amalgamation lemma in [12] regarding a cofinal subclass
of the class of all finite bowtie-free graphs. Consequently, via a variation of Fra¨ısse´’s
amalgamation technique, we obtain a universal bowtie-free graph isomorphic to the Cherlin-
Shelah-Shi universal bowtie-free graph U./. Moreover, we show the following.
Theorem. The universal bowtie-free graph U./ admits generic automorphisms, and it is
not finitely homogenisable.
The argument which shows that U./ is not finitely homogenisable is based on an example
by Cherlin-Lachlan [3, p. 819]. We also understand that Evans, Hubicˇka, and Nesˇetrˇil
have related results on the subject.
2 Universal Graphs with Forbidden Subgraphs
In this section we present the model theoretic approach developed in Cherlin-Shelah-Shi
[4] to the problem of existence of a universal graph with forbidden subgraphs. Let F be
a family of finite graphs, viewed as ‘forbidden’ graphs. A graph G is called F-free if no
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graph in F is isomorphic to a (not necessarily induced) subgraph of G, that is, there is
no injective homomorphism from an element of F into G. Denote by CF the class of all
countable (finite and countably infinite) F-free graphs. A graph G ∈ CF is universal for
CF if every graph in CF is isomorphic to an induced subgraph of G. For graphs G,H, by
G ⊆ H we mean that G is an induced subgraph of H.
We collect below some positive and negative results regarding the existence of a countable
universal graph. We first describe a graph generalising the bowtie. Given a collection
Kn1 ,Kn2 , . . . ,Knk of complete graphs, their bouquet Kn1 +Kn2 + . . .+Knk is the graph
formed by taking the free amalgam of the given complete graphs over one common vertex.
The bouquet K3 + K3 is called the bowtie. Moreover, a graph is 2-connected if it
is connected, and remains connected after deleting any vertex together with the edges
incident with it.
Example 2.1.
(i) (Rado [20]). The class C∅ of all countable graphs has a universal element.
(ii) (Cherlin-Shi [5]). Suppose that F is a finite set of cycles. Then there is a countable
universal F-free graph if and only if F = {C3, C5, C7, . . . , C2k+1} for some k ≥ 1.
(iii) (Komja´th [15]). There is a countable universal bowtie-free graph.
(iv) (Cherlin-Tallgren [6]). Let F = Km +Kn be a bouquet where m ≤ n. Then there is
a countable universal F -free graph if and only if 1 ≤ m ≤ 5 and (m,n) 6= (5, 5).
(v) (Komja´th [15]). Let m,n ≥ 3. If F = m ·Kn, the bouquet of m-many copies of Kn,
then there is no F -free countable universal graph.
(vi) (Cherlin-Komja´th [2]). There is no countable universal Cn-free graph for n ≥ 4.
Here Cn is a cycle of length n.
(vii) (Fu¨redi-Komja´th [8]). If F is a finite, 2-connected, but not complete graph, then
there is no countable universal F -free graph.
We work with the language of graphs L = {E}. Denote by TF the theory of the class CF .
That is, the theory TF is the set of all L-sentences true in all members of CF . Note that
TF is a universal theory.
Definition 2.2. [4, Definition 2]
(i) Let H be a graph, and G ⊆ H an induced subgraph. We say that G is existentially
closed in H if for every existential sentence ∃x¯φ(x¯) with parameters from G we have
that if H |= ∃x¯φ(x¯) then G |= ∃x¯φ(x¯).
(ii) A graph G ∈ CF is existentially closed in CF if G is existentially closed in every
graph H ∈ CF containing G.
(iii) Denote by EF the class of all existentially closed graphs in CF . And let T ecF be the
theory of the class EF .
Remark 2.3. A graph G ⊆ H being existentially closed in H is equivalent to the following
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condition: if A ⊆ B are finite graphs such that A ⊆ G and B ⊆ H then there is an
embedding f : B → G such that fA is the identity.
The notions above are not special for graphs. For example, the existentially closed elements
in the class of fields are the algebraically closed fields. The existentially closed elements
in the class of ordered fields are the real closed fields. Dense linear orders are existentially
closed in the class of linear orders. Existentially closed first order structures appear in
model theory in Abraham Robinson’s work on model complete theories—see [19, Chapter
3], [1, Section 3.5], and [10]. A theory T is said to be model complete if whenever M,N |= T
and M ⊆ N , then M  N . Robinson’s Test [19, Theorem 3.2.1] states that the following
are equivalent for an L-theory T :
(i) T is model complete.
(ii) Whenever M,N |= T with M ⊆ N , then M is existentially closed in N .
(iii) Every L-formula is equivalent to an existential formula modulo T .
(iv) Every L-formula is equivalent to a universal formula modulo T .
Suppose that K is an elementary class of L-structures which is closed under unions of
chains. Then every element M ∈ K can be extended to an element M¯ ∈ K which is
existentially closed in K [1, Lemma 3.5.7]. Let E(K) be the subclass of all existentially
closed structures in K. Then E(K) may not be an elementary class. Eklof and Sabbagh
proved that the class of existentially closed groups is not elementary [19, Theorem 3.5.7].
Proposition 2.4. [1, Proposition 3.5.15] Let K be an elementary class of L-structures
closed under unions of chains. Let T := Th(K) and T ec := Th(E(K)). Then T ec is model
complete if and only if E(K) is elementary.
We get back to our setting of graphs. Cherlin, Shelah, and Shi proved the following which
in view of the proposition above shows that T ecF is model complete when F is finite.
Theorem 2.5. [4, Theorem 1] Let F be a finite family of finite graphs. Then a countable
graph G ∈ EF if and only if G |= T ecF . Moreover, if every F ∈ F is connected, then T ecF is
a complete theory.
Example 2.6. [4, Example 4] Let F = {S3} where S3 is a star of degree 3, that is,
a graph of 4 vertices where one vertex is adjacent to the other three, and there are no
more edges. Then TF is the theory of graphs in which every vertex has degree at most
2. And T ecF is the theory of graphs in which every vertex has degree 2, and which contain
infinitely many cycles Cn for each n ≥ 3. Let Z be the 2-way infinite path, that is, vertices
are the integers, and every n is adjacent to n + 1. Then a countable model of T ecF is
characterised up to isomorphism by the number of its connected components isomorphic
to Z. Let Gk |= T ecF be the countable model with k-many components isomorphic to Z.
Then EF = {Gk : k ∈ ω + 1}. Moreover Gω ∈ CF is a universal F-free graph. Remember
that the members of CF and EF are countable.
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Definition 2.7. Suppose that M is an L-structure, and let A ⊆M . The algebraic closure
aclM (A) of A in M is the union of all finite A-definable subsets of M .
Theorem 2.8. [4, Theorem 3] Let F be a finite family of connected finite graphs. Then
the following are equivalent.
(i) The theory T ecF is ω-categorical.
(ii) For any finite A ⊆M |= T ecF , we have that aclM (A) is finite.
Proposition 2.9. [4, Proposition 1] Let G ∈ E./ be a countable existentially closed
bowtie-free graph, and let A ⊆ G be finite. Then | aclG(A)| ≤ 4|A|.
As every graphG ∈ CF embeds in some graph G¯ ∈ EF , we have that CF contains a universal
element if and only if EF contains a universal element. Therefore, by the last two theorems
and proposition above we have that E./ = {G graph : G |= T ec./ and |G| = ℵ0} contains
exactly one element; an ω-categorical existentially closed universal bowtie-free graph. We
denote this universal bowtie-free graph by U./.
3 Bowtie-free Graphs
Let L = {E} be the language of graphs. Recall that a bowtie (./) is the graph formed by
freely amalgamating two triangles over one common vertex. A graph is called bowtie-free
if it has no (not necessarily induced) subgraph isomorphic to the bowtie. Also C./ is the
class of all countable bowtie-free graphs. Let C0./ denotes the class of all finite bowtie-free
graphs. Notice that a graph is bowtie-free if and only if it has no induced subgraph
isomorphic to a graph B where ./ ⊆ B ⊆ K5.
Following Hubicˇka and Nesˇetrˇil in [12], a chimney is the free amalgam of two or more
triangles over one common edge. Moreover, we expand this terminology as follows. We
call the vertices of the common edge base vertices, and the rest we call them tip vertices.
We also call the number of tip vertices the height of the chimney. Any chimney contains
exactly two base vertices, and at least two tip vertices.
Fact 3.1 ([4], [12]). Suppose that G is a finite connected bowtie-free graph such that
every edge is contained in some triangle. If K4 ⊆ G, then G = K4. Otherwise, G is a
chimney or a triangle.
Definition 3.2 ([12]). A bowtie-free graph is called special if every vertex is contained
either in a K4 or in a chimney.
The definition of special bowtie-free graphs is due to [12], though they call them ‘good’
instead. Let Csp./ denote the class of all finite special bowtie-free graphs. It should be
noted that every vertex of a special bowtie-free graph lies in a triangle, and a triangle is
bowtie-free, but not special.
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Figure 1: A special bowtie-free graph. Any solid edge lies in some triangle, while a dashed
edge does not.
Fact 3.3 ([12]). Let G be a special bowtie-free graph. By deleting all the edges of G
which do not lie in any triangle, we obtain a disjoint union of copies of K4 and chimneys.
Therefore, any finite special bowtie-free graph can be constructed in two stages. First,
take a disjoint union of finitely many graphs H1, H2, . . . ,Hn where each one is either a
chimney or copy of K4. Second, to add an extra edge e = {u, v}, we must have that
u ∈ Hi, v ∈ Hj for distinct i, j, and ensure that the edge e will not create a new triangle;
otherwise a bowtie will appear.
Herwig showed in [9, Section 6] that if C is a class of finite structures which has the joint
embedding property and the extension property for a single partial automorphism (for
every A ∈ C and p ∈ Part(A) there is an extension B ∈ C of A with f ∈ Aut(B) such that
p ⊆ f), then C has the amalgamation property. Clearly the class C0./ of finite bowtie-free
graphs has the joint embedding property. However, C0./ does not have the amalgamation
property as shown in the figure below. Hence we deduce that that C0./ does not have the
extension property for a single partial automorphism. Nevertheless, C0./ contains a cofinal
subclass with the free amalgamation property.
Figure 2: Any amalgam of the diagram above contains a bowtie.
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Lemma 3.4 ([12]). The subclass Csp./ of special bowtie-free graphs is cofinal in the class C0./
of finite bowtie-free graphs. That is, any finite bowtie-free graph is an induced subgraph of
a special bowtie-free graph.
Proof. Let G be a bowtie-free graph. Suppose v ∈ G is a vertex that is neither contained
in a K4 nor in a chimney. If v is not contained in a triangle, then add a new copy of K4
and identify v with one of its vertices. Otherwise, v is part of a triangle, say vxz, of G. In
this case, add a new vertex u together with edges uv, ux, and uz, making vxzu isomorphic
to a K4. One can show that neither of these two actions will introduce a bowtie. Repeat
this process until a special bowtie-free graph has been constructed. 
The following proposition is of a more general form than [12, Lemma 3.1] where special
bowtie-free graphs are amalgamated over their induced subgraph on bases of chimneys
and copies of K4.
Proposition 3.5. The class Csp./ of all finite special bowtie-free graphs has the free amalgamation
property.
Proof. Suppose A,B1, B2 are finite special bowtie-free graphs such that A ⊆ B1 and
A ⊆ B2. Let C be the free amalgam of B1 and B2 over A. We will show that C ∈ Csp./ .
By free amalgamation, any triangle in C either lives entirely in B1 or entirely in B2. For
the sake of contradiction, suppose C has a bowtie T = {a, b, c, u, v} as a subgraph where
c is the common vertex of degree four, and abc and cuv are triangles. As B1 and B2 are
bowtie-free, we have that T is neither contained in B1 nor in B2. First, the vertex c must
be in A, otherwise one of the triangles abc or cuv will meet both B1 \ A and B2 \ A.
Second, as the two triangles cannot both be in B1 nor both in B2, suppose without loss
of generality that abc lives in B1 with a ∈ B1 \A, and cuv lives in B2 with u ∈ B2 \A.
By the hypothesis, A is a special bowtie-free graph, so the vertex c is either contained in
a K4 of A, or in a chimney of A. Supposing the former, then the triangle abc together
with any triangle in A which contains c but not b in the K4 will form a bowtie inside B1,
contradicting that B1 is bowtie-free. So c must be contained in a chimney M of A. There
are six possibilities in this situation, based on whether c is a tip or a base vertex of M .
All lead to a contradiction.
Case 1: Suppose that c is a tip vertex of M , and b ∈M . Then b must be a base vertex of
M as it is connected to c, and so the triangle abc with any triangle of M not containing c
will form a bowtie in B1, a contradiction.
Case 2: Suppose that c is a tip vertex of M , and b /∈ M . Then the triangle abc with the
triangle in M containing c form a bowtie in B1, a contradiction.
Case 3: Suppose that c is a base vertex of M and b /∈M . Then the triangle abc together
with any triangle in M will form a bowtie in B1, a contradiction.
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Case 4: Suppose that c is a base vertex of M and b is a tip vertex of M . Then the triangle
abc with another triangle of M not containing b will form a bowtie in B1, a contradiction.
Case 5: Suppose that b, c are the base vertices of M , and v /∈ M . Then the triangle cuv
together with any triangle of M will form a bowtie in B2, a contradiction.
Case 6: Suppose that b, c are the base vertices of M , and v ∈ M . So v must be a tip
vertex of M . In this case, the triangle cuv together with a triangle of M not containing v
will form a bowtie in B2, a contradiction.
Hence, the free amalgam C is bowtie-free. Now we show C is special. Any vertex v ∈ C
is either in B1 or B2. Say v ∈ B1. As B1 is special, the vertex v lies either in a K4 or in a
chimney of B1. If v were in a K4 of B1, then it will be in the same K4 in C. Otherwise,
if v were in a chimney of B1, then v will be in chimney of C, possibly of greater height,
containing the original chimney. Therefore C is a special bowtie-free graph. 
Now we apply an argument by Ivanov [13, Theorem 3.1] to obtain the following result on
extending partial automorphisms. We call such argument the ‘necklace argument’.
Proposition 3.6. Suppose that G ∈ Csp./ is a finite special bowtie-free graph, and (p : U → V )
in Part(G) with U, V ∈ Csp./ . Then there is K ∈ Csp./ such that G ⊆ K and p extends to
some f ∈ Aut(K).
Proof. By the previous proposition, Csp./ has the free amalgamation property. The idea of
constructing the desired graph K is to form a ‘necklace’ whose beads are isomorphic copies
of G, and in which the range of p in one bead is amalgamated with the domain of p in the
consecutive bead. Start with the triple G0 := G,U0 := U, p0 := p. Let (G1, U1, p1) be a
new copy of (G0, U0, p0). Take the free amalgam G0 ∪G1 ∈ Csp./ of G0 and G1 identifying
p0(U0) with U1. One can check that in G0 ∪ G1, the maps p0, p1 agree on U0 ∩ U1. So
using the isomorphism between G0 and G1 we can extend p0 ∪ p1 to a map g1 : G0 → G1
in Part(G0 ∪G1).
Let (G2, U2, p2) be a new copy of (G1, U1, p1). Form the free amalgam G0∪G1∪G2 in Csp./
of G0 ∪ G1 and G2 identifying p1(U1) with U2. Using the isomorphism between G1 and
G2, extend the map p0 ∪ p1 ∪ p2 to a map g2 : G0 ∪G1 → G1 ∪G2 in Part(G0 ∪G1 ∪G2).
We continue this construction until we reach n ∈ ω such that the length of any complete
cycle of p divides n, and n is strictly greater than the length of any partial cycle of p. At this
point, we have that G¯ = G0∪. . .∪Gn in Csp./ and a map g := gn : G0∪. . .∪Gn−1 → G1∪. . .∪Gn
in Part(G¯) extending p0∪ . . .∪ pn. By the choice of n, we have that (i) for all a ∈ G0∩Gn
we have that gn(a) = a, and (ii) G0∩Gn = G1∩Gn = {a ∈ U0 : gk(a) = a for some k > 0}.
Point (i) implies that p0 and pn agree on U0 ∩Un. Point (ii) says that G0 ∩Gn = G1 ∩Gn
contains exactly the points which are in complete cycles of p. At this point, half of the
necklace has been constructed.
8
Claim. The induced subgraph on G0 ∪Gn ⊆ G¯ belongs to Csp./ .
Proof of the claim. As G0 ∪Gn is the free amalgam of G0 and Gn over G0 ∩Gn, and
both G0, Gn ∈ Csp./ , it is enough to show that G0 ∩ Gn ∈ Csp./ . By point (ii) we have that
v ∈ G0 ∩Gn if and only if v belongs to a complete cycle of p. Fix some v ∈ G0 ∩Gn, then
there is a complete k-cycle, say (v = v0, v1, v2, . . . , vk−1) where vi = pi(v) and v = pk(v)
for some k < ω and 0 ≤ i < k. As v0 ∈ U and U ∈ Csp./ , there are two cases. First case:
v0 ∈ Q0 ⊆ U = dom(p) where Q0 ∼= K4. Because range(p) = V ∈ Csp./ as well, there
are (not necessarily distinct) copies Q0, Q1, . . . , Qk−1 of K4 such that vi ∈ Qi, and each
Qi ⊆ U , and p(Qi) = Qi+1 where addition is performed modulo k. This means all vertices
in Q0 ∪Q1 ∪ . . . ∪Qk−1 are in complete cycles of p. So v ∈ Q0 ⊆ G0 ∩Gn. Second case:
v ∈ M ⊆ U where M is a chimney. We may assume that M is a maximal such chimney.
Then similarly as in the first case, we get that all the vertices in M belong to complete
cycles of p. So v ∈M ⊆ G0 ∩Gn. So every vertex in G0 ∩Gn either belongs to a K4 or a
chimney which is contained in G0 ∩Gn. Thus G0 ∩Gn is a special bowtie-free graph, and
so is G0 ∪Gn, establishing the claim.
Take a new copy H¯ = H0∪H1∪. . .∪Hn of G¯, and let h : H0∪. . .∪Hn−1 → H1∪. . .∪Hn be
the corresponding copy of g. Here H¯ is the other half of the necklace. Let β := gnG0 : G0 → Gn
be the isomorphism induced by gn. Using β and the isomorphism between G¯ and H¯,
construct the free amalgam K ∈ Csp./ of G¯ and H¯ over G0 ∪Gn where G0 is identified with
Hn, and Gn is identified with H0. Let f := g ∪ h. Points (i) and (ii) guarantee that,
under this identification, the restriction of g to G0 ∪Gn agrees with the restriction of h to
H0 ∪Hn. So f is a well-defined map, and moreover, f is a permutation of K. Finally, as
g ∈ Part(G¯) and h ∈ Part(H¯) agree on dom(g) ∩ dom(h) in K, and K is a free amalgam
of G¯ and H¯, we have that f = g ∪ h ∈ Aut(K), and clearly f extends p. 
So, the class Csp./ of all finite special bowtie-free graphs has the free amalgamation property.
Moreover, the class Csp./ is closed under disjoint unions, and so it has the joint embedding
property. However Csp./ is not closed under induced subgraphs. In this situation, we
can apply a slight variation of Fra¨ısse´’s Theorem which does not require the class of
finite structures in hand to have the hereditary property. More precisely, we apply
Kueker-Laskowski [16, Theorem 1.5] to the ‘smooth class’ (Csp./ ,⊆) and obtain the following.
Theorem 3.7. There is a unique, up to isomorphism, graph U./ such that:
(i) The graph U./ =
⋃
i∈ω
Gi where Gi ∈ Csp./ and Gi ⊆ Gi+1 for all i ∈ ω.
(ii) Every H ∈ Csp./ embeds into U./.
(iii) Every finite isomorphism f : G → H where G,H ∈ Csp./ and G,H ⊆ U./ extends to
an automorphism of U./.
We know that Csp./ is cofinal in Co./. Consequently, by Kueker-Laskowski [16, Lemma 2.4],
U./ of Theorem 3.7 above is an existentially closed model of the universal theory T./, that is,
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U./ ∈ E./. By Cherlin-Shelah-Shi [4] the theory of existentially closed bowtie-free graphs
is ω-categorical. Therefore, the graph U./ is isomorphic to the ω-categorical universal
countable bowtie-free graph introduced at the end of the previous section.
We aim now to describe the algebraic closure of a finite induced subgraph of the universal
bowtie-free graph U./. In [4], an edge in U./ is called a special edge if it lies in two triangles
of U./. It was shown in [4, Proposition 1] that: (i) Every triangle in U./ contains a special
edge. (ii) If a vertex v ∈ U./ lies in a triangle T , but not in a special edge of T , then v
lies in unique triangle. (iii) If a vertex v ∈ U./ lies in two special edges then v lies in some
Q ∼= K4, and thus any triangle containing v is contained in Q. It was shown further that
for a finite induced subgraph A ⊆ U./,
aclU./(A) = A ∪ ∪
{
e ∈ U./ special edge : e lies in a triangle T with T ∩A 6= ∅
}
(†)
In (†) and below, we identify an edge e with the corresponding set of the two vertices
incident with e.
As U./ is existentially closed, one can see that every vertex v ∈ U./ lies in some triangle.
By (i) and (iii) every triangle T in U./ either contains exactly one special edge or contains
three special edges. In the former case, (ii) implies that T lies in a chimney. In the latter
case, T lies in some K4. So to sum up, every vertex and every triangle in U./ lies in a
chimney or a K4. Also note that in a chimney, there is only one special edge, namely the
edge between the two base vertices. And in a K4 all edges are special edges.
Suppose that v ∈ U./. By the above v could be one of three types: it belongs to a K4, a
tip vertex of a chimney, or a base vertex of a chimney. Owing to (†) we have the following.
If v ∈ Q ∼= K4 then aclU./(v) = Q. Otherwise v lies in a chimney. If v is a tip vertex, then
aclU./(v) is the unique triangle containing v. If v is a base vertex, then aclU./(v) is the
unique special edge containing v. Moreover, it follows from (†) that the algebraic closure
is disintegrated, that is, the algebraic closure of a set is the union of the algebraic closure
of its singletons. Therefore, for a finite A ⊆ U./ we have that aclU./(A) is either a base of
a chimney, a triangle in a chimney, a special bowtie-free graph, or a union of sets of these
types.
Theorem 3.8. The universal bowtie-free graph U./ admits generic automorphisms.
Proof. We want to show that Aut(U./) contains a comeagre conjugacy class via the
Kechris-Rosendal characterisation [14, Theorem 3.4]. To do so we pass to the Morleyisation
U˜./ of U./. Here U˜./ is an expansion of U./ in the language L˜ = {Rφ : φ L-formula} where
L is the language of graphs, and Rφ is a relation symbol of arity equal to the number of
free variables in φ. Moreover, the new relation symbols are interpreted as: U˜./ |= Rφ(a¯)
if and only if U./ |= φ(a¯) for all a¯ ∈ U./. It turns out that Aut(U˜./) = Aut(U./), and
Th( U˜./) has quantifier elimination [11, Theorem 2.6.5]. Thus, by [18, Proposition 3.1.6]
we have that U˜./ is a homogeneous L˜-structure.
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We now show that the class of 1-systems over the amalgamation class Age(U˜./) has the
weak amalgamation property. So let A ∈ Age(U˜./) and (p : U → V ) ∈ Part(A). We
may assume that A ⊆ U˜./. By homogeneity of U˜./, the partial automorphism p extends
to some f ∈ Aut(U˜./). Let A¯ = aclU˜./(A), and U¯ = aclU˜./(U) and V¯ = aclU˜./(V ).
Note that U¯ , V¯ ⊆ A¯. By the discussion prior to this theorem, we may assume (after
first increasing the universe of A¯ slightly if necessary) that the reducts of A¯, U¯ , V¯ to
L are special bowtie-free graphs. Moreover, the restriction of f on U¯ gives a partial
automorphism (p¯ : U¯ → V¯ ) ∈ Part(A¯). By applying the necklace argument (Proposition
3.6) to the graph reduct of A¯ and p¯ ∈ Part(A¯), we obtain a special bowtie-free graph
K with g ∈ Aut(K) such that A¯L ⊆ K and p¯ ⊆ g. By Theorem 3.7(ii), we have that
A¯L ⊆ K ⊆ U./. Let K¯ ∈ Age(U˜./) be the expansion of K to L˜, that is, equip K with the
induced structure when it is viewed as a subset of U˜./.
Now suppose that 〈B¯1, h1〉 and 〈B¯2, h2〉 are two 1-systems over Age(U˜./) extending 〈K¯, g〉.
By the previous paragraph we may assume that the reducts B1, B2 of B¯1, B¯2, respectively,
to L are special bowtie-free graphs, and also we may assume that h1 ∈ Aut(B1) and
h2 ∈ Aut(B2). Let C be the free amalgam of B1 and B2 over K, which is also a bowtie-free
graph. So C ∈ Age(U./) by Theorem 3.7(ii). Let C¯ ∈ Age(U˜./) be the expansion of C to
L˜, that is, equip C with the induced structure from U˜./. Then the 1-system 〈C¯, h1 ∪ h2〉
amalgamates 〈B¯1, h1〉 and 〈B¯2, h2〉 over 〈K¯, g〉, and so over 〈A, p〉. Therefore, the class of
all 1-systems over Age(U˜./) has the weak amalgamation property.
As the class of special bowtie-free graphs is closed under disjoint unions, we can use an
argument similar to the one in the previous paragraph by taking K¯ to be empty and replace
the free amalgam by a disjoint union to show that the class of all 1-systems over Age(U˜./)
has the joint embedding property. Therefore, by [14, Theorem 3.4], the automorphism
group Aut(U˜./) = Aut(U./) contains a comeagre conjugacy class. That is, the universal
bowtie-free graph U./ has generic automorphisms. 
In the first paragraph of the proof above, we passed to a homogeneous expansion of U./
using the Morleyisation technique. To do so we expanded the language of graphs to
an infinite relational language. We conclude this paper by showing that the universal
bowtie-free graph is not homogeneous over a finite relational language using an idea in an
example in Cherlin-Lachlan [3, p. 819].
Definition 3.9. [7, Definition 1.6] Let L be a finite relational language, and M be a
countably infinite L-structure. We say that M is finitely homogenisable if there is a finite
relational language L˜ ⊇ L and an L˜-structure M˜ such that M˜ is an expansion of M , and
M˜ is homogeneous, and Aut(M) = Aut(M˜).
Remark 3.10. Let L be a finite relational language with maximum arity k, and a¯, b¯
be finite L-structures of same size. Then if every k-subtuple of a¯ is isomorphic to its
corresponding k-subtuple of b¯ then a¯ is isomorphic to b¯.
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Lemma 3.11. The universal bowtie-free graph U./ is not finitely homogenisable.
Proof. Suppose U./ is finitely homogenisable. Let L = {E} be the language of graphs, and
L˜ be the finite relational language of the homogeneous expansion U˜./ of U./. Let k be the
maximum arity of the symbols in L˜. For 1 ≤ i ≤ k+1 take distinct chimneys Hi ⊆ U./ each
of height 2 and with base vertices {ai, bi} such that a1Ea2∧a2Ea3∧. . .∧akEak+1∧ak+1Ea1
and b1Eb2 ∧ b2Eb3 ∧ . . . ∧ bkEbk+1 ∧ bk+1Eb1. Let ti be a tip vertex of Hi, so tiaibi is a
triangle in Hi. Let Hˆk+1 ⊆ U./ be a new distinct chimney of height 2 and with base vertices
{aˆk+1, bˆk+1} and a tip vertex tˆk+1 such that akEaˆk+1 ∧ aˆk+1Eb1 and bkEbˆk+1 ∧ bˆk+1Ea1.
See the figure below.
Consider the two (k + 1)-tuples u¯ = (t1, t2, . . . , tk, tk+1) and v¯ = (t1, t2, . . . , tk, tˆk+1).
For every I ⊆ {1, 2, . . . , k} with |I| = k − 1, one can see that there is a finite partial
L-isomorphism f : ⋃
i∈I
Hi ∪Hk+1 →
⋃
i∈I
Hi ∪ Hˆk+1 such that f(ti) = ti and f(tk+1) = tˆk+1.
As the domain and range of f are special bowtie-free graphs, by Theorem 3.7(iii), there is
f˜ ∈ Aut(U./) = Aut(U˜./) extending f . Thus, every k-subtuple of u¯ is L˜-isomorphic to its
corresponding subtuple of v. By the remark above, u¯, v¯ are L˜-isomorphic. By homogeneity
of U˜./ there is some h ∈ Aut(U˜./) such that h(u¯) = v¯. Suppose without loss of generality
that h fixes pointwise the bases of each Hi for 1 ≤ i ≤ k. As h(tk+1) = tˆk+1, we have that h
sends the base of Hk+1 to the base of Hˆk+1, but both options h(ak+1, bk+1) = (aˆk+1, bˆk+1)
and h(ak+1, bk+1) = (bˆk+1, aˆk+1) give rise to a contradiction. 
Figure 3: The chimneys as in the proof above for k = 3.
A natural question one would ask is whether the class of special bowtie-free graphs has
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the extension property for partial automorphisms, and whether the universal bowtie-free
graph U./ admits ample generics? See [14, Section 6] for more details on ample generics.
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